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Abstract

Employing the solution to the Kadison-Singer problem, we deduce
that every subset S of the torus of positive Lebesgue measure
admits a Riesz sequence of exponentials {e/*},ca such that

A C Z is a set with gaps between consecutive elements bounded by

C
Gk This talk is based on a joint work with Itay Londner (Tel Aviv

University).
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‘H separable Hilbert space, / a countable set.

Definition

{@itic; € M is a frame with bounds 0 < A < B < oo if

AlFIZ < D IKF, @il < BIIFII?

iel

for all vectors f € H. {pi},, is a Bessel sequence if A= 0

Definition

{¥i}ic) C H a Riesz sequence in H with bounds 0 < A< B < o0

if
AZ|2,‘|2§ Zalsol <BZ|‘9I’2

i€l iel iel

| Fn
N,

2

for every finite sequence of scalars {a,-},-e,.
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Exponential systems

Definition

S C R set of finite positive Lebesgue measure, A C R a countable
set. Define exponential system E (A) = {e™}, _\ in L (S).
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Exponential systems

Definition
S C R set of finite positive Lebesgue measure, A C R a countable
set. Define exponential system E (A) = {e™}, _\ in L (S).

S bounded and A separated set infy., [A — p| > 0
= E(A) is Bessel.
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Exponential systems

Definition

S C R set of finite positive Lebesgue measure, A C R a countable
set. Define exponential system E (A) = {e™}, _\ in L (S).

S bounded and A separated set infy., [A — p| > 0
= E(A) is Bessel.

S C T = R/27Z set of positive Lebesgue measure
= E(Z) is a Parseval frame in L2 (S).
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Classical results

Theorem (Kahane (1957))
Let | C R be an interval. If the upper density

DT (A) := lim sup #(AN(aa+r) < M7

r—o0 3R r 27

then E (M) is a Riesz sequence in L2 (1). On the other hand if
Dt (A) > % then E (A) is not a Riesz sequence in L2 ().
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Classical results

Theorem (Kahane (1957))
Let | C R be an interval. If the upper density

DT (A) := lim sup #(AN(aa+r) < M7

r—o0 3R r 27

then E (M) is a Riesz sequence in L2 (1). On the other hand if
Dt (A) > % then E (A) is not a Riesz sequence in L2 ().

Theorem (Landau (1967))

Let S be a measurable set. If E (N) is a Riesz sequence in L2 (S)
then D+ (A) < 51,
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Given a set S, does there exist a set \ of positive density such that
the exponential system E (A) is a Riesz sequence in L2 (S)?
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Given a set S, does there exist a set \ of positive density such that
the exponential system E (A) is a Riesz sequence in L2 (S)?

This question may be considered under various notions of density.
The first result on this subject is

Theorem (Bourgain-Tzafriri (1987))

Given S C T of positive measure, there exists a set N\ C 7 with
positive asymptotic density

dens(A) = lim M

r—o0 2r - ¢ |S|

and such that E (A) is a Riesz sequence in L2 (S).
Here c is an absolute constant, independent of S.

Hence, every set § admits a Riesz sequence A with positive upper
density, proportional to the measure of S.

Marcin Bownik Exponential frames and syndetic Riesz sequences



Definition

Asubset A ={... < Ao < A1 < A2 < ...} CZis syndetic if the
consecutive gaps in A are bounded

v(A) = SU;(A,«H_]_ — Ap) < o0.
ne
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Definition
Asubset A ={... < Ao < A1 < A2 < ...} CZis syndetic if the
consecutive gaps in A are bounded

Y (A) :=sup(Ant1 — An) < 00.
neZ

Theorem (Lawton (2010) and Paulsen (2011))
Given a set S C T of positive measure, TFAE:
(i) There exists r € N and a partition Z = |J_; A such that
E (N)) is a Riesz sequences in L?(S) forall j=1,...,r.
(i) There exists d € N and a syndetic set A C Z with v (\) = d
such that E (N) is a Riesz sequence in L?(S).
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Definition
Asubset A ={... < Ao < A1 < A2 < ...} CZis syndetic if the
consecutive gaps in A are bounded

v (A) :=sup(Ant1 — An) < 00.
neZ

Theorem (Lawton (2010) and Paulsen (2011))
Given a set S C T of positive measure, TFAE:
(i) There exists r € N and a partition Z = |J_; A such that
E (N)) is a Riesz sequences in L?(S) forall j=1,...,r.
(i) There exists d € N and a syndetic set A C Z with v (\) = d
such that E (N) is a Riesz sequence in L?(S).

| \

Remark
(i) = (i) can take r < d by considering translates of A.
(i) = (ii) no upper bound on d in terms of r.

N
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RENEILS

Statement (i) is known as the Feichtinger conjecture for
exponentials. The Feichtinger conjecture in its general form states
that every bounded frame can be decomposed into finitely many
Riesz sequences. It has been proved to the Kadison-Singer problem
by Casazza-Christensen-Lindner-Vershynin (2005) and
Casazza-Tremain (2006). The latter has been solved by Marcus,
Spielman and Srivastava (2013).
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Solution of Kadison-Singer Problem

Theorem (Marcus-Spielman-Srivastava (2013))

Ife >0 and v, ..., vy are independent random vectors in C% with

m
finite support such that ZE [vivi] <14 and E [Hv,||2] < ¢ for all

i=1
i, then
]P( Zv,-v,fk < (1—1-\@)2) > 0.
i=1
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Improvement for support of size 2

Theorem (B.-Casazza-Marcus-Speegle (2016))

Ife € (0,3) and vi,...,vm are independent random vectors in C?
m

with support of size 2 such that Z E[vivi] <14 and

i=1
E [Hv,”z] < ¢ for all i, then

'

m

g ViV

i=1

< 1+2\/s(1—5)> > 0.
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Feichtinger conjecture

Theorem (B.-Casazza-Marcus-Speegle (2016))

Let € > 0 and suppose that {u;};c, is a Bessel sequence in H with
bound 1 that consists of vectors of norms ||u;||*> > e. Then there
exists a universal constant C > 0, such that | can be partitioned
into r < g subsets Iy, ..., I, such that every subfamily {u,-}l-e,j,
Jj=1,...,r is a Riesz sequence in H. Moreover, if ¢ > 3/4, then
r = 2 works.
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Feichtinger conjecture

Theorem (B.-Casazza-Marcus-Speegle (2016))

Let € > 0 and suppose that {u;};c, is a Bessel sequence in H with
bound 1 that consists of vectors of norms ||u;||*> > e. Then there
exists a universal constant C > 0, such that | can be partitioned
into r < g subsets Iy, ..., I, such that every subfamily {u;}

i€l
Jj=1,...,r is a Riesz sequence in H. Moreover, if ¢ > 3/4, then
r = 2 works.

Corollary

There exists a universal constant C > 0 such that for any subset
S C T with positive measure, the exponential system E (7) can be
decomposed as a union of r < I?C\ Riesz sequences E (A;) in L?(S)
forj=1,...,r. Moreover, if |S| > 3/4, then r = 2 works.
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Lawton’s Theorem and the solution of Kadison-Singer problem
(Feichtinger conjecture) yield syndetic Riesz sequences of
exponentials in L(S).
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Lawton’s Theorem and the solution of Kadison-Singer problem
(Feichtinger conjecture) yield syndetic Riesz sequences of
exponentials in L(S).

Question (Olevskii)

What is the bound on a gap (M) for syndetic A C Z such that
E(NA) is a Riesz sequence in L%(S)?
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Main result

Theorem (B.-Londner (2018))

Let € > 0 and suppose that {u;},., is a Bessel sequence in H with
bound 1 and
lu|*>e Viel.

Then there exists a universal constant C > 0 such that whenever
{Ji}y is a collection of disjoint subsets of | with #Ji > r = [£],
for all k. There exists a selector, i.e. a subset J C |, Jx satisfying

#(JNJ)=1 Vk

and such that {u;},., is a Riesz sequence in 1. Moreover, ife > 3
then the same conclusion holds with r = 2.
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Main result

Theorem (B.-Londner (2018))

Let € > 0 and suppose that {u;},., is a Bessel sequence in H with
bound 1 and

lu|*>e Viel.
Then there exists a universal constant C > 0 such that whenever
{Ji}y is a collection of disjoint subsets of | with #Ji > r = [£],
for all k. There exists a selector, i.e. a subset J C |, Jx satisfying

#(JNJ)=1 Vk

and such that {u;},., is a Riesz sequence in 1. Moreover, ife > 3
then the same conclusion holds with r = 2.

Applying this to the exponential system {1se>™} 7 with
Je =[kr,(k+1)r)NZ, k € Z, yields:
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Syndetic Riesz sequences

There exists a universal constant C > 0 such that for any subset
S C T with positive measure, there exists a syndetic set N C Z
with gaps v (A) < C|S|™* so that E (M) is a Riesz sequence in
L%(S). Moreover, if |S| > 3 then such N\ exists with v (A) < 3.
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Higher dimensional syndetic sets 1

Corollary

There exists a universal constant C > 0 such that for any subset
S C T9 of positive measure, any d-dimensional rectangle R C 79
with # |R| > C|S|™*, and any parition Z9 = |J Ry into disjoint
union of translated copies of R, there exists a set A C 79 such that

#ANR =1  Vk

and E (M) is a Riesz sequence in L?(S). If R is a cube, then

1
sup inf [A—p| < CVdI|S|Td.
AeA EMN{A}
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Higher dimensional syndetic sets 2

Partitioning the lattice Z? into thin and long rectangles in a
checkerboard way yields

Corollary

There exists a universal constant C > 0 such that for any subset
S C T of positive measure, there exists a set N C Z9 so that

E (N) is a Riesz sequence in L2 (S) and every one dimensional
section of A\, i.e. every set of the form

/\(kl,...,kdfl):{kEZZ(kl,...,kdfl,k)E/\}

is syndetic for any (ki, ..., kq_1) € Z971, and

v (A (k... kg—1)) < Cd|S|7.

Marcin Bownik Exponential frames and syndetic Riesz sequences



Basic selector theorem

Theorem

Let r,M € N and § > 0. Suppose that {u;},{\il C H is a Bessel
sequence with bound 1 and ||u;||*> < & for all i. Then for every
collection of disjoint subsets Jy, ..., J, C [M] with #J, > r for all
k, there exists a subset J C [M] such that # (J N Jx) =1 for all

k € [n] and the system of vectors {u;},. , is a Bessel sequence with

bound
<\;+\/5>2.
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Proof.

WLOG #J, = r. Define independent random vectors vj: for

k =1,...,n the vector v, takes values \/ru; for any i € J, with
probability 1. Then,

> E(wvi)<ly and Efw|*<rs Vk
k=1
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Proof

WLOG #J, = r. Define independent random vectors vj: for

k =1,...,n the vector v, takes values \/ru; for any i € J, with
probability 1. Then,

> E(wvi)<ly and Efw|*<rs Vk
k=1

By Theorem of Marcus-Spielman-Srivastava

( kavk <1+xﬁ) )
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Proof

WLOG #J, = r. Define independent random vectors vj: for

k =1,...,n the vector v, takes values \/ru; for any i € J, with
probability 1. Then,

> E(wvi)<ly and Efw|*<rs Vk
k=1

By Theorem of Marcus-Spielman-Srivastava

( kavk <1+xﬁ) )

which implies the existence of a set J C [M] such that

> uur|| < <\; +xf5)2

icl
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Selector theorem for short vectors

Theorem

Let M € N and & € (0,1). Suppose that {u;}}!, C H is a Bessel
sequence with Bessel bound 1 and ||u;||*> < & for all i. Then for
every collection of disjoint subsets Jy, ..., J, C [M] with #J, =2
for all k, there exists a subset J C [M] such that # (JNJx) =1
for all k € [n] and the system of vectors {u,} icy s a Bessel

sequence with bound 1 — ey, where eg = 5 — /2d0 (1 — 2dp).
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Naimark’s complements

Lemma (B.-Casazza-Marcus-Speegle (2016))

Let P : H — H be the orthogonal projection onto a closed
subspace H C H, and let {e;},., be an orthogonal basis for H.
Then for any subset J C | and 6 > 0 the following are equivalent:

© {Pei};c, is a Bessel sequence with bound 1 — .
@ {(I — P)ei};c, is a Riesz sequence with lower bound 0.
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Naimark’s complements

Lemma (B.-Casazza-Marcus-Speegle (2016))

Let P : H — H be the orthogonal projection onto a closed
subspace H C H, and let {e;},., be an orthogonal basis for H.
Then for any subset J C | and 6§ > 0 the following are equivalent:

© {Pei};c, is a Bessel sequence with bound 1 — .
@ {(I — P)ei};c, is a Riesz sequence with lower bound 0.

Corollary

Let M € N and &g € (O, %) Suppose that {u,-},-"i1 C H is a Bessel
sequence with Bessel bound B and ||u;||> > B (1 — o) for all i.
Then for every collection of disjoint subsets Ji, ..., J, C [M] with
#J = 2 for all k, there exists a subset J C [M] such that

#(J N Jx) =1 for all k € [n] and the system of vectors {u;};. is
a Riesz sequence with lower Riesz bound Bey.
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Combine two selectors theorems with

Let H be an infinite dimensional Hilbert space, M € N and
0 €(0,1). Suppose {u,-},-l\i1 C H is a Bessel sequence with Bessel

bound 1 and ||u;||*> > & for all i. Then for every large enough

K € N, there exist vectors o1, . .., px € H with |g;||> > & for all i
such that {u;}M, U {p;}, is a Parseval frame for its linear span.
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Combine two selectors theorems with

Lemma

Let H be an infinite dimensional Hilbert space, M € N and

0 €(0,1). Suppose {u,-},-’\i1 C H is a Bessel sequence with Bessel

bound 1 and ||u;||> > & for all i. Then for every large enough

K € N, there exist vectors o1, . .., px € H with |g;||> > & for all i
such that {u;}M, U {p;}, is a Parseval frame for its linear span.

Theorem (Finite version of main result)

Let e >0 and M € N. Suppose that {u;}, C H is a Bessel
sequence with Bessel bound 1 and ||u;||? > € for all i. Then there
exists r = O (%) independent of M, such that for every collection
of disjoint subsets J1,...,J, C [M] with #Jx > r for all k, there
exists a subset J C [M] such that # (J N Jk) =1 for all k € [n]
and the system of vectors {u;};., is a Riesz sequence with lower
Riesz bound ecqg. Moreover, if € > % then the same conclusion

holds with r = 2.
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Diagonal argument with the pigeonhole principle

Lemma

Let {Ji}, be a collection of disjoint subsets of |. Assume for every
n € N we have a subset I, C | J;_; Jk such that

#(UpNJ)=1 fork=1,...,n

Then, there exists a subset |, C | and an increasing sequence {n;}

such that _ .
J J
I, O (U Jk> =l N (U Jk>
k=1 k=1

In particular, we have

#(enNd)=1 Vk

This yields infinite dimensional version of main result.
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Syndetic sets and almost tight Riesz bounds

Theorem (R. conjecture of Casazza-Tremain)

Let {u;};c; be a unit norm Bessel sequence in H with bound B.
Then there exists a universal constant C > 0 such that for any
e > 0 and any collection of disjoint subsets of I, {Jy}, satisfying
Hhe>r= {Cg], for all k. There exists a selector J C | J, Jk
satisfying

#(JUNJk)=1 Vk

and such that {u;},., is a Riesz sequence in H with bounds 1 £ €.

v
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Syndetic sets and almost tight Riesz bounds

Theorem (R. conjecture of Casazza-Tremain)

Let {u;};c; be a unit norm Bessel sequence in H with bound B.
Then there exists a universal constant C > 0 such that for any
e > 0 and any collection of disjoint subsets of I, {Jy}, satisfying
#J > r=[CE], forall k. There exists a selector J C |, Ji
satisfying

#UNJ)=1 Vk

and such that {u;},., is a Riesz sequence in H with bounds 1 £ €.

Remark

A multi-paving result of Ravichandran-Srivastava (2017) suggest
that r = O(e%) should work. Hence, this would yield syndetic Riesz
sequences of exponentials in L2(S) with Riesz bounds |S|(1 =€)
and gaps O(@) instead of O(@)
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Universal Riesz sequences

Olevskii and Ulanovskii asked whether there exists a set A such that
E (N) is a Riesz sequence in L2 (S) for all sets S C T with large
measure. They proved that the answer, in general, is negative.

Theorem (Olevskii-Ulanovskii (2008))

Let d € (0,1). Then for every ¢ € (0,1) and A C R with
D (N) = d, there exists a set S C T with % > 1 — ¢ such that
E (N) is not a Riesz sequence in L2 (S).
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Universal Riesz sequences

Olevskii and Ulanovskii asked whether there exists a set A such that
E (N) is a Riesz sequence in L2 (S) for all sets S C T with large
measure. They proved that the answer, in general, is negative.

Theorem (Olevskii-Ulanovskii (2008))

Let d € (0,1). Then for every ¢ € (0,1) and A C R with
D (N) = d, there exists a set S C T with % > 1 — ¢ such that
E (N) is not a Riesz sequence in L2 (S).

On the other hand, restricting to open sets they showed

Theorem (Olevskii-Ulanovskii (2008))

For every d € (0,1), there is a universal Riesz sequence, i.e. a set
N C R with D (A) = d such that E (N) is a Riesz sequence in

2 i+h 15|
L* (S) for every open set S C T with 5= > d.
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Universal Riesz sequences and quasicrystals

Definition (Meyer (1972))

Let a be an irrational number, and / = [a, b) C [0,1]. The
(simple) quasicrystal corresponding to a and [ is

Aa, 1) ={neZ| {an} € I}

where {x} is the fractional part of the real number x.
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Universal Riesz sequences and quasicrystals

Definition (Meyer (1972))

Let a be an irrational number, and / = [a, b) C [0,1]. The
(simple) quasicrystal corresponding to a and [ is

Aa, 1) ={neZ| {an} € I}

where {x} is the fractional part of the real number x.

Since sequence {an} is equidistributed in [0, 1], the corresponding
simple quasicrystal has uniform density D (A (a, 1)) = |1].

Marcin Bownik Exponential frames and syndetic Riesz sequences



Universal Riesz sequences and quasicrystals

Definition (Meyer (1972))

Let a be an irrational number, and / = [a, b) C [0,1]. The
(simple) quasicrystal corresponding to a and [ is

Aa, 1) ={neZ| {an} € I}

where {x} is the fractional part of the real number x.

Since sequence {an} is equidistributed in [0, 1], the corresponding
simple quasicrystal has uniform density D (A (a, 1)) = |1].

Theorem (Matei-Meyer (2009))

The system E (A(«, 1)) is a universal Riesz sequence, i.e.,
E (A(a, 1)) is a Riesz sequence in L?(S) for every open set S C T
with 51 > |1].
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Quasicrystal methods yield a deterministic construction of Riesz
syndetic sets A. Moreover, for sets S C T of almost full measure

|S| — 1 we can remove from Z a syndetic set with gaps sizes at
least C/(1 — |S]).
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Quasicrystal methods yield a deterministic construction of Riesz
syndetic sets A. Moreover, for sets S C T of almost full measure

|S| — 1 we can remove from Z a syndetic set with gaps sizes at
least C/(1 — |S]).

Theorem (B.-Londner (2018))

There exists a universal constant C > 0 such that for any open
subset S C T, one can construct a syndetic set N\ C Z with gaps
between consecutive elements taking exactly two values {1,d},
where d = d (S) < |3| and so that E (M) is a Riesz sequence in

L2 (S). Moreover, A\ can be chosen so that \¢ = Z\N satisfies

A —
)\,,uG/\C ,\7&#‘ | = ]5‘-‘|
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Open problems on syndetic Riesz sequences

Olevskii-Ulanovskii Theorem that E (N (e, 1)) is not a Riesz
sequence in L? (S) for some non-open set S. Does there exist S
with empty interior for which E (A (e, 1)) is a Riesz sequence?
Otherwise prove that such set does not exist.
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Open problems on syndetic Riesz sequences

Question (1)

Olevskii-Ulanovskii Theorem that E (N (e, 1)) is not a Riesz
sequence in L? (S) for some non-open set S. Does there exist S
with empty interior for which E (A (e, 1)) is a Riesz sequence?
Otherwise prove that such set does not exist.

Question (2)

Does an arbitrary measurable set S of positive measure admit an
exponential Riesz sequence E (N), N C Z, such that

A — ?
,\ue/\c )\;éu| pl 2 |S¢|
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Open problems on syndetic Riesz sequences

Question (1)

Olevskii-Ulanovskii Theorem that E (N (e, 1)) is not a Riesz
sequence in L? (S) for some non-open set S. Does there exist S
with empty interior for which E (A (e, 1)) is a Riesz sequence?
Otherwise prove that such set does not exist.

Question (2)

Does an arbitrary measurable set S of positive measure admit an
exponential Riesz sequence E (N), N C Z, such that

C
inf A — ul > ?
A:MGI/(]C:)\7AM| H 2 |S¢|

Question (Olevskii)

Does an arbitrary measurable set S of positive measure admit an
exponential Riesz basis E (\) for some A C R?
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